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Foreword 
The previous work on torsional acceleration transients for Surveyor by M. B. 
Trubert at JPL (Ref. 1), as well as the bulk of the work reported herein, were 
completed prior to November 1965. Since that time, two independent efforts 
dealing with the observed torsional transients during Atlas engine shutdown have 
been reported: 
(1) Lockheed Missiles and Space Company has reported (Ref. 2) analyses that 
have included the inertial coupling among longitudinal, bending, and tor-
sion modes to give, essentially, the "free-free" three-dimensional normal 
modes of the Atlas/Agena/Ranger space vehicle. By use of these modes 
and of flight data defining booster-engine chamber-pressure pulsations dur-
ing thrust decay, reasonably good agreement has been reported between 
predicted and observed responses in the spacecraft adapter. 
(2) M. R. Trubert, in Ref. 3, has extended his analysis of Ref. 1 to use the 
Fourier transforms of the observed acceleration-time histories in place of 
the shock spectra, and he shows why a solution in the frequency domain, 
rather than the time domain, circumvents computational instabilities. 
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Abstract 
Mathematical models are synthesized to apply to the calculation of "free-free" 
torsion modes of two space vehicles: the Atlas/Agena/Ranger (Block III) and 
the Atlas/Centaur/Surveyor. Input data describing the launch vehicles are 
obtained as lumped-parameter systems. Spacecraft descriptions are obtained in 
normal-mode coordinates from modal vibration surveys. A simple technique for 
deriving compatible coordinate systems is applied. Calculated modal data are 
presented for both space vehicles. 
This work was conducted to provide normal-mode data for use in the synthesis 
of a torsional acceleration transient for Surveyor spacecraft vibration qualifica-
tion tests. 
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Computation of Torsional Vibration Modes of

Ranger and Surveyor Space Vehicles 
I. Introduction 
In flights of Atlas vehicles, a torsional pulse at the time 
of booster engine cutoff (BECO) has been observed in 
telemetered data from accelerometers in the vicinity of 
the payload. The existence of this phenomenon was first 
established from data obtained in the flight of the 
Ranger V space vehicle. Subsequently, requirements for 
torsional-vibration qualification tests have been imposed 
on various Atlas-boosted spacecraft, including the JPL 
Ranger and Mariner spacecraft. 
As an initial step in deriving a vibration test specifica-
tion appropriate to a specific space vehicle, several investi-
gators have undertaken to describe the nature of the 
Atlas BECO forcing function from the observed accel-
eratory response and the modal vibration characteristics 
of the instrumented vehicle. The work of P. W. Ullrey, 
for example, has utilized data from the flight of Ranger V 
in conjunction with the torsional vibration modes associ-
ated with a particular mathematical idealization of this 
space vehicle (Ref. 4).
More recently, JPL has investigated the BECO 
torsional-transient in the development of qualification 
test criteria for the Surveyor spacecraft. The scope and 
results of this effort are reported by M. R. Trubert (Ref. 1). 
The subject memorandum deals with the computation 
of the "free-free" torsional vibration modes of the par-
ticular space vehicles used by M. R. Trubert in his inves-
tigations. While the analyses reported herein were 
conducted as a part of a total effort having a specific 
objective, their ramifications in the areas of modal vibra-
tion analysis, choice of in-flight sensor locations, and 
flight data interpretation are substantially broader. As one 
point, the problems encountered by JPL in effecting the 
normal-mode computations are characteristic of those 
confronting any organization that undertakes dynamic 
loads analyses of a complete space vehicle, the separate 
stages of which are commonly under development by 
different industrial contractors, with contractor effort di-
rected, for example, by different segments of NASA. The 
essential character of these problems is one of technical 
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communication; the severity of the problems may be 
great or small, depending on particular circumstances. 
In the present instance, the problems were minor, but 
their nature deserves comment to assist future programs. 
As another aspect, the work reported herein high-
lights the importance of a considered choice of flight-
accelerometer locations based on prior prediction or 
measurement of the modal vibration characteristics of 
the space vehicle. Conversely, a knowledge of these 
modal vibration characteristics, particularly in the region 
of flight-accelerometer locations, can be extremely im-
portant to the proper interpretation of flight data used 
for structural loads assessment. 
This memorandum gives a purposely detailed account-
ing of the computation of the torsional vibration modes 
of two space vehicles. The Atlas/A gena/Ranger vehicle 
analysis is described in Section II. The Atlas/Centaur/ 
Surveyor analysis is presented in Section III. A facet 
common to both analyses is that the mathematical models 
of the first two stages were obtained either from Lock-
heed Missiles and Space Company (LMSC) or from 
General Dynamics/Convair (GD/C) as lumped-parameter 
models; whereas, the spacecraft mathematical models of 
both Ranger and Surveyor, derived experimentally from 
modal vibration surveys, were expressed in terms of nor-
mal vibration modes of the cantilevered spacecraft. Of 
the several means available for expressing all three stages 
of a given space vehicle in mutually consistent coordi-
nates, it has been chosen here to convert the normal-
mode representations of the spacecraft into equivalent 
discretized spring-mass systems, which can then be 
treated as generically compatible "branches" of the 
launch vehicles in numerical solutions for the eigen-
modes. The results of the analyses are presented in terms 
of normal-mode frequencies, mode shapes, and associated 
generalized masses. 
II. Atlas/ A gena/Ranger Vehicle 
The basic model of the Atlas/A gena/Ranger vehicle 
has been taken from Figs. 5 and 7 of Ref. 4. JPL has 
modified this model in two respects: 
(1) The quasi-rigid-body representation of the Ranger 
Block II (e.g., Ranger V) spacecraft has been re-
placed with a considerably more refined elastic 
model of the Ranger Block III configuration and 
its LMSC adapter structure as obtained quantita-
tively from detailed modal vibration surveys.
(2) The representation of the Atlas aft of LMSC sta-
tion 1156 has been upgraded from data requested 
of and provided by GD/C. These changes include 
a new concept for modeling the gimbaled booster 
engines. 
The first modification is regarded to be the more im-
portañt of the two. Studies have confirmed the surmise 
that mass and stiffness variations of a payload can have 
an important effect on locations of nodal points in the 
higher-frequency vibration modes of relevance to the 
BECO analysis. The placement of "spot-check" acceler-
ometers relative to these payload-sensitive nodal points 
merits care in data interpretation. 
Facets of the JPL reconfiguration of the LMSC mathe-
matical model, and the subsequent analyses leading to 
descriptions of the "free-free" torsional vibration modes 
of the composite vehicle are presented in the following 
discussions. 
A. Ranger Spacecraft and LMSC Adapter Structure 
The mathematical model of the Ranger Block III space-
craft has been derived from data obtained in the course 
of modal vibration surveys of the structural test model 
(STM). These surveys were conducted with the STM 
mounted on the LMSC adapter section, which was canti-
levered at its base, LMSC station 244.50. This adapter 
has served as a structural transition between the Agena 
forward midbody, the Ranger spacecraft, and the space-
craft nose fairing. 
The purpose of this section is to provide relevant back-
ground information on these modal surveys, and to show 
the manner in which the test data were processed to 
derive a lumped-parameter mathematical model com-
patible with the models of the Atlas and Agena stages. 
1. Background information. During the early develop-
ment of the Ranger Block III spacecraft, a modal vibra-
tion survey of an early configuration of the STM was 
conducted on a "hard mount." The frequency of the first 
cantilever torsion mode was observed to be only slightly 
below the then-recently-recognized dominant frequency 
(65-70 Hz) in the Ranger V (Block II) torsional response 
during the Atlas BECO event. Accordingly, and at little 
weight penalty, bracing in the Ranger support-leg struc-
ture was added to increase the torsional stiffness. A modal 
survey made after the addition of the bracing showed 
that the first-torsion-mode frequency had increased to 
96 Hz. 
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Subsequent to this design change, a decision was made 
to remove the reinforced-plastic sterilization diaphragm 
from the LMSC adapter. It was apparent, from the 
adapter structural configuration, that deletion of this dia-
phragm would reduce the tangential stiffnesses of the six 
fittings supporting the Ranger spacecraft and, thereby, 
lower the effective torsional stiffness of the Ranger sup-
port structure. Accordingly, in September 1963, a pro-
gram of modal vibration surveys of the Ranger STM 
mounted on a modified LMSC adapter was undertaken. 
Three configurations were surveyed in varied detail*: 
(1) Configuration 1: Ranger spacecraft less solar panels 
on LMSC adapter (first five modes in quantitative 
detail). 
(2) Configuration 2: Ranger spacecraft with solar 
panels on LMSC adapter ("first torsion mode" only 
in quantitative detail). 
(3) Configuration 3: Ranger spacecraft less solar panels 
on LMSC adapter with LMSC nose fairing installed 
(qualitative surveys only). 
The frequency of the first torsion mode in each of the 
three configurations was observed to be as follows: 
Configuration	 Frequency, Hz 
1	 66.2 
2	 64.5 
3	 68.0 
The reason for the increased frequency in configuration 3 
will be discussed in conjunction with data interpretation. 
Only the data from the surveys in configuration 1 were 
processed in detail. This processing led to the computa-
tion of a generalized mass matrix from the known mass 
distribution and the measured mode shapes in the five 
modes surveyed. Classically, such a mass matrix should 
be diagonal, since normal modes are, by definition, un-
coupled inertially and elastically. 
Accordingly, the degree of "non-diagonality" of the 
generalized mass matrix is a measure of the quality of 
the testing and of the accuracy of the derived mass dis-
tribution. Equation (1) presents the derived mass matrix 
'The incorporation of spring-centered, viscous dampers in the solar-
panel latching system for the launch configuration dictated this 
choice of test configurations from theoretical as well as practical 
considerations.
with modal amplitudes renormalized to produce unit 
generalized mass in each mode. Table 1 gives modal fre-
quencies, damping coefficients, and a qualitative modal 
description.
1.000 —0.003 —0.012 0.000 0.007 
—0.003 1.000 0.017 —0.042 0.023 
[MI =
—0.012 0.017 1.000 —0.040 0.013 
0.000 —0.042 —0.040 1.000 —0.044 
0.007 0.023 0.013 —0.044 1.000 
(1) 
Table 1. Modal descriptions for Ranger Block Ill
structural test model on LMSC
adapter structure 
Mode 
No.
Frequency, 
Hz
Damping ratio, 
% critical 
damping
General description 
of mode 
1 24.8 0.8 First bending, X-Z plane 
2 26.7 0.6 First bending, Y-Z plane 
3 45.5 1.1 Second bending, X-Z plane 
4 50.0 1.1 Second bending, Y-Z plane 
5 1	 66.2 1.1 1	 First torsion about Z axis
For reasons beyond the concern of this memorandum, 
the Ranger modal data were not put to use in dynamic 
loads analysis of the Atlas/Agena/Ranger space vehicle 
until the need arose for the investigation reported in 
Ref. 1. Then, in the preliminary adaptation of the Ranger 
torsion-mode data to a mathematical model of the com-
plete space vehicle, it was recognized that the modal sur-
veys of September 1963 had not adequately defined the 
relationships between the modal displacements at the 
spacecraft feet and the displacements of the adapter at 
the precise locations of the LMSC flight accelerometers. 
Accordingly, supplementary tests were conducted in late 
August 1965, with the identical hardware used in the tests 
of two years earlier. 
Figure 1 gives an overall view of the test setup. Two 
25-lb vector-force shakers, pendulously supported, were 
used to excite the first two torsion modes. A reference 
accelerometer was left in place at a location of relatively 
large modal deflection, while a roving accelerometer was 
moved from point-to-point to define relative amplitude 
and phase. 
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Fig. 1. Test setup for exciting torsion modes of Ranger 
Block III structural test model mounted on
LMSC adapter structure 
Figure 2 shows the roving accelerometer located at the 
position of the "channel 12" accelerometers in the flights 
of Rangers VI through IX. Figure 3 shows the location for 
the diametrically opposite "channel 11" accelerometers. 
It is to be noted that these installations are not symmetric; 
the channel 11 accelerometer being about 2.5 in. below 
the separation plane and the channel 12 accelerometer 
about 5.9 in. below. 
A complete modal survey was not performed in the 
latter series of tests. However, sufficient measurements
were made to establish excellent correspondence with the 
data obtained in 1963, and additional measurements were 
taken to relate flight-accelerometer modal displacements 
to the tangential displacements of the adjacent feet of the 
spacecraft. These relationships for the "first torsion mode" 
are shown graphically in Fig. 4; numerically, they are 
as follows:
1)
=4.4 
12)
at 66.4 Hz 
(	
1)
=3.5 
These data state, in effect, that the angular acceleration 
at the base of the spacecraft and at the frequency of the 
first cantilever torsion mode is nominally four times that 
"seen" by the flight accelerometers. A reason for this large 
difference can be inferred from Fig. 5, which shows the 
in-plane bending of the adapter upper ring associated 
with the tangential displacements of the six spacecraft-
foot, adapter-fitting interconnections. The distortion pat-
tern is not symmetrical because neither the adapter nor 
the spacecraft is symmetrical, inertiallv or elastically. 
A key to the increase in the first torsion mode frequency 
with the installation of the LMSC nose fairing is offered 
in Fig. 5. The nose fairing attachment, circumferentially 
interdigitated with spacecraft attachments, adds radial 
stiffness to the adapter upper ring. This stiffness is more 
significant, in terms of modal frequency, than the added 
mass of the fairing. 
The second cantilever torsion mode was excited at a 
frequency of 134 Hz. In this mode, the relative tangential 
displacements of spacecraft feet and adjacent flight accel-
erometers were established to he as follows: 
( 
81	
= — 5.5 8I)	
atl34lIz 
= —5.9 
'\611) 
This is to say that nodal points lie between the space-
craft feet and their nearby accelerometers. This situation 
underscores the need of detailed information on modal 
behavior in the vicinity of flight accelerometers, if valid 
interpretations are to be made from telemetered data. 
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Fig. 2. Modal survey accelerometer at location of "channel 2" flight accelerometer 
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Fig. 3. Modal survey accelerometer at location of "channel 1 1" flight accelerometer 
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TANGENTIAL 
DEFLECTION / 
ACCELEROME (FIG. 3) .........
..
HT 
CELEROMETER 
Fig. 4. Ranger Block Ill spacecraft feet tangential deflections 
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Fig. 5. Ranger Block lll/LMSC adapter-ring distortion in first cantilever torsion mode 
2. Modal survey data. Table 2 lists data defining the 
spacecraft mass distribution and the mode shape of the 
first cantilever torsion mode as measured in the tests of 
September 1963. This table also summarizes calculations 
of elements of the generalized mass matrix, 
r
Mrr I Mre 
	
LM€	 Mee 
where
Mrr =
	 (Izz)i 
	
Mre = Mer =
	
(Izz), 0
Mee	 (Izz)j O 
The element Mrr is associated with a rigid-body rota-
tion, arbitrarily normalized to 1 rad and, accordingly, is 
the rigid-body moment of inertia about the roll axis. The 
element Mee is the generalized mass in the first cantilever 
torsion mode as normalized. If the frequency of this mode 
is designated as o (rad/s), then it can be recognized that 
the inertia torque T at the base of the adapter is 
f= 
W,
Mre(ifl.Ab)
	
(2) 
when Mre is expressed in units of lb.in.2 and g = 386 in/s2. 
Figure 6 presents graphs of the mode shape and of the 
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Table 2. Geometric, inertial, and modal data applying to Ranger/adapter first cantilever torsion mode 
Station No., i W, lb Izz, lb-in.' SI, rod Izz Si, lb-in.' 21 Izz 8, lb-in.2 Station (LMSC) 
1 4.1 89 0.0812 7 7 144.3 
2 79.3 2014 0.0748 151 158 164.8 
3 73.5 2670 0.0702 187 345 183.4 
4 221.3 13417 0.0694 931 1276 199.6 
5-8 3.4 1165 0.0694 81 1357 198.8 
9 48.3 620 0.0500 31 1388 214.9 
10 40.7 12748 A 637 217.9 
11 43.8 14339 T 717 : 217.6 
12 39.8 11770 I 589 : 217.5 
13 45.3 14123 706 : 218.6 
14 40.5 13570 V 679 217.7 
15 52.5 17197 0.0500 860 5576 217.7 
16 16.6 12961 0.0220 285 232.5 
17 16.8 13117 A 289 
18 26.3 20530 T 452 
19 16.8 13117 1 289 
20 16.7 13039 V 287 
21 12.4 9679 0.0220 213 7391 232.5 
22 - - 0 : 7391 244.5 
798.1 186,165 7391 
MODAL DISPLACEMENT 6, rod 
	
0
	
0.02	 0.04	 0.06	 0.08	 0.10 
00 r
f 66.4 Hz 
	
80 1^	 i	 I 
uJ 
U)
cr 
W
60
iT 
4C_ 
2l 
20
LMS C 
STATION 232.5 
0	 106	 2 X 06	 3 X 10r,	 4 X IO	 5 x 10
INERTIA TORQUE 7 in.- lb 
Fig. 6. Mode shape and associated inertia torque 
distribution in first cantilever torsion mode 
inertia torque distribution associated with the modal 
normalization. 
3. Lumped-parameter representation of spacecraftl 
adapter first torsion mode. The quantitative modal sur-
veys of 1963 present data applying to the spacecraft/ 
adapter combination. To provide for the use of the data 
from flight accelerometers within the adapter, it is neces-
sary to restructure the modal model of the prior paragraph. 
In the mathematical model of the Agerta vehicle, LMSC 
has designated station 248 as joint 5 (Fig. 7). The chosen 
model of the Ranger vehicle and its structural connection 
to the Agena through the adapter is represented in Fig. 7, 
wherein the joints 43, 44, and 45 replace the LMSC joint 17 
of Ref. 4. 
The relation between this model and the spacecraft/ 
adapter system is derived as follows. The synthesis is made 
in two stages. First, the adapter is decoupled from the 
combination to give a spacecraft representation as if it 
were cantilevered at the separation plane. Next, the 
adapter is divided to permit introduction of the "acceler-
ometer station," joint 43, using modal survey data from 
the recent tests. 
The initial assumptions made are that the torsional 
stiffness of the 3.5-in. section of the Agena forward mid-
body between joint 5 and the base of the adapter is essen-
tially infinite in relation to the adapter stiffness, and that 
this latter stiffness may be computed from the relation: 
K = - (in.-lb/rad)	 (3) 021 
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RANGER 
SPACECRAFT 
CHANNEL 12	 LMSC 
ACCELEROMETER	 ADAPTER 
and using Eqs. (2) and (3), 
K
gO21 
= 1.52 X 108 in.-lb/rad
mrr = 
m	
i=22 
rc =
	
( 0
 - 021) 
M re - 021 Mrr 
JOINT, K1 x 10.8, M1, 
/ in.-lb/rad lb-in? 
45 97,810 
0.952 
44 88,355 
1.97 
43 100 
6.69 
5 SEE 
TABLE A-2
M45 45
KS K44-45 
M44 44
Kb 
M43 43
K0
 K543
STATION 232.5 
ION 237.3
STATION 244.5 
STATION 248 
Fig. 7. Lumped-parameter mathematical model of spacecraft/adapter combination 
where T. is the inertia torque at the separation plane and	 This treatment, consistent with the processing of the 
021 is the apparent angle-of-twist at the separation plane, 	 modal survey data, neglects the influence of inertia loads 
joint 44. The adequacy of this latter assumption will be 	 within the adapter structure. Compatible therewith, the 
tested subsequently.	 spacecraft modal deflection at the i' mass in the first tor-
sion mode, as measured, may be regarded as the sum of 
Using the following values from Table 2,	 a rigid-body rotation 02 1 and an angle-of-twist a = 0 i — 021. 
The associated generalized mass matrix of the Ranger 
	
= 0.0220 rad	 spacecraft is 
	
Mre = 7391 lb-in .2	 rmrr i m0 
{m} = - - - + - - - 
L me 1 Mee 
(02 
= - = 66.4 Hz
where 
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i22	 00 
me, 
=
(Izz) (0, - 921)2
= Me, - 2021 Mre + Mrr 
Use of the data in Table 2 gives 
1-3,295
186,165 1 3,295 [m] = 	 - - - -4- - - _] (lbin.2) 
 111.0 
This mass matrix is still to be associated with a Ranger 
spacecraft having a single cantilever mode with a gen-
eralized mass defined by mee and a base inertia torque 
proportional to mre. To convert this "distributed" model 
to an equivalent, discrete, spring-mass system, it is neces-
sary only to renormalize the amplitude of the elastic mode 
in a manner that equates the generalized mass to a lumped 
mass providing the proper root torque. Thus, if x is the 
renormalization factor, the new "generalized mass" is 
C 
tJ 80 
Z 
—J CL  0
60 
CL 
	
f	 97.61 Hz 
C') 
W
40 
Ui 
0 
Z
20 
0
0	 0.5	 1.0	 1.5	 2.0
MODAL DISPLACEMENT a, rad 
Q'flee = me,, 
and the new "rigid-elastic" coupling term, proportional 
to the root torque, is
re = /-flre 
The requirement is simply that tL be chosen such that 
(Mee = Mire 
or that
Mre 
= Mee 
= 29.69 
The new mass matrix associated with this renormaliza-
tion is
	
186,165	 97,8101 
[Q'lI} = - - - - - - + ---- - l(lbin.2) 
	
197,810	 97,810] 
The mode shape plot of the renormalized first cantilever 
mode of the Ranger spacecraft is presented in Fig. S. 
Application of this criterion* yields a single spring-mass 
system dynamically equivalent to the Ranger spacecraft 
'An extension of this normalization concept to the general case of 
freeing an N-degree-of-freedom cantilevered normal-mode system 
in all six rigid-body modes will be treated in Ref. 5.
Fig. 8. First cantilever mode shape renormalized 
to give Qli er = 2e	 97,810 lb-in.2 
in its first cantilever torsion mode. In terms of the mathe-
matical model under derivation, this is to say that, with 
joint 44 fixed, the representation is proper. However, 
since joint 44 is not fixed, the rigid-body mass term must 
be augmented by an incremental mass: 
Am = Mrr - Qflee 
Since the LMSC adapter is treated in this analysis as 
massless, the mathematical model of the spacecraft/ 
adapter combination, as subjected to modal vibration 
surveys, is now advanced to the representation shown in 
the adjacent sketch, wherein 
I5
KS
 = 97,810 lbin.2 
= = 88,355 lb-in .2 
K= 1.52 X 108 in.-lb/rad 
 (from prior assumptions) 
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For the Ranger part of the system, it remains to deter-
mine the spring constant K. from the relevant masses, the 
derived value of K, and the observed first-torsion-mode 
frequency of the complete system. 
By regarding this system as one in which the general-
ized coordinates are chosen as independent rotations 044 
and 0.„, of the two masses Al” and M45 , respectively, the 
equations of motion for free vibration may be written as 
	
o)P14	 0 1 043 
+ 1 
r K.	 —K. 1 043 
--I	 I	 I 
	
[ 0	 M44] 044	 [—K.	 (K. + K)] 044 
= {0} 
An "inverse solution" of this equation, making use of 
the measured first root w = = 2 (66.4), leads to the 
value:
K. = 95.20 X iO in.-lb/rad 
From this derived stiffness, the frequency of the first 
cantilever torsion mode of the Ranger spacecraft is com-
puted to be 97.6 Hz, as compared with the measured 
frequency of 96.0 Hz with the spacecraft "hard-mounted." 
This agreement is considered to give adequate engineer-
ing support to the assumptions made in the derivation 
of the LMSC adapter torsional stiffness. 
Finally, it remains to introduce joint 43, representing 
an "equivalent station" of flight accelerometer measure-
ments. For this purpose, the station of the channel 12 
flight accelerometer is chosen as the reference station. 
The adapter spring K is replaced with two springs K1 
and K2 in series. For a torque T applied at joint 44,
or
a - K 
a0 - K1 
ao 
K, —K 
a1 
From the modal vibration survey of the first torsion mode, 
(
! O^-)(I) =4.4 
ai 
Thus,
K1 = 6.69 X 10 in.-lb/rad 
Also,
K	
I(5K 
K1 — K 
= 1.97 X 108 in.-lb/rad 
An arbitrarily small moment of inertia is assigned to 
joint 43, as shown in the tabular inset on Fig. 7, to avoid 
computational difficulties. 
The model of Fig. 7 loses validity for the calculation 
of space-vehicle "free-free" torsion modes having fre-
quencies much above, say, 100 Hz, because the second 
cantilever torsion mode at 134 Hz has not been repre-
sented in the synthesis. 
For the plotting of space-vehicle mode shapes, the 
lumped-parameter representation of the spacecraft par-
ticipation factor	 is converted back to the mode shape 
of Fig. 8 as follows. If 4	 is the total displacement of 
the k1h Ranger station in the r111 normal mode, then 
4) (r) = (r) + ( 4)( r) - (r)\ k	 'P41	 45	 4) jaj 
JK, 
 
K	 43 
	
¶ai
4. Conversion of linear acceleration flight data to angu-
lar acceleration. The tangentially oriented flight acceler-
ometers of channels 11 and 12 were polarized such that 
a properly weighted algebraic sum of the instantaneous 
outputs is proportional to the angular acceleration 043 at 
joint 43. If a51 and a12 are the respective accelerations in 
g and d = 60.5 is the diametral spacing, then 
3.5 
a 12 + -a,,  
043=	 d 
12	 JPL TECHNICAL MEMORANDUM 33-277
or
= 6.4a 12 + 5.1a11 (rad/sec2) 
This relation has been used by M. R. Trubert (Ref. 1) in 
obtaining a magnetic tape track representing the Ranger 
VI—IX angular acceleration time histories of joint 43 at 
BECO. 
B. Atlas Booster-Engine Representation 
1. Interim mathematical model. From data provided 
by GD/C, each Atlas booster engine may be represented 
as shown in Fig. 9, wherein the engine gimbal block has 
a tangential spring rate K66 relative to the Atlas body 
structure at GD/C station 1212. The engine is restrained 
in rotation about the gimbal by a rotational spring of 
stiffness Kpp provided by the actuating system and the 
back-up structure. The gimbal block is treated as mass-
less. The engine has a mass m with its CC at a distance r 
below the gimbal axis, a centroidal pitching moment of 
inertia I., and a centroidal rolling moment of inertia IOZ• 
-Y
41 (FIXED) 
-x
AL BLOCK 
—GD/C STATION 1212 
1.6 X 106 lb/ft 
DETERMINED SO 
AS TO GIVE A 
FREQUENCY OF 
12 Hz FOR 
FIRST NORMAL 
MODE 
`ENGINE CG 
Mr 30.8 slug 
pr 2.5 ft 
181 slug-ft2 
38 slug-ft2 
Fig. 9. Mathematical model of Atlas booster engine
By defining
8 = 80q1(t)(ft) 
= /3o q 2 (t) (rad) 
the equations of motion for free vibration may be derived 
from application of Lagrange's equations as 
[M](j)+[K]{q}=(0)	 (4) 
where
r m6	 mr80f301 
[M]=[
j(s1ugft2) 
mr8 0 f3	 I 
I = mr2 + 'Oy
1 
[K] = I [
	
0	
I (lb-ft) 
0	 K13J 
and
1(t) 
{q} = 
q
	 (non-dimensional)
q 2 (t) ^ 
Normalization of the chosen degrees of freedom is 
optional; thus, if 8 = 1 ft, and if 13 = 1 rad, 
1 mr
m mn
[MI =	 I(slug-ft2)
 
Ij 
r 
0	 Kj
K 	 01 [K] = I	 I (lb-ft) 
[  
By defining
=
m
(5) 
Kpp 
ly 
	
A = ()
2	 (6) 
0ó 
(üo)2
(7) 
a) 
and by noting that
(ij) =	 o2{q}	 (8) 
-x 
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the frequency equation may be written in determinantal
	
Numerical solution yields the modal frequencies, 
form from Eqs. (4) through (8) as
= 11.96 Hz = 5647 (rad/s2) 
1—A	 1. 
1	 =0 
l—AA 
where p2 = I,,/M. 
The natural frequencies w and w . are obtainable from 
the roots of the associated quadratic equation in A. Fur-
ther, by denoting the (square) modal matrix as 
	
[q][vii	 7i2 
	
q21	 q22J 
the mode shapes are obtainable from 
8 (qi 
\/3)	 f3, \q2 
A1'	
i=1,2 
The generalized mass matrix in the normal modes is a 
diagonal matrix,
C4.] = [ q ] T [M] [q] 
where the superscript T denotes "transposed." 
The inertial data applying to each booster engine are 
listed in Fig. 9 directly as given by GD/C. The listed 
translational stiffness K6 is derived from the stiffnesses 
given for two springs in series. Further, in accordance 
with a GD/C recommendation, a value of Koo is deter-
mined by iteration to give a frequency of 12 Hz for the 
first engine mode, as observed in vibration surveys with 
an Atlas vehicle in a test stand. Thus, in matrix form, 
the input data to the analysis of the interim mathematical 
model are as follows: 
{M] 
= 177.0 373.5 (slugft2) 
30.8	 77.0 ] 
	
l.600	 0 1 
[K] = 106	 I (lb-ft) 
10	 2.242]
t2 = 53.73 Hz	 = 11.40 X 10 (rad/s2) 
the modal matrix,
r0309 —4.594 
{q] =1
[1.0000	 1.0000 
the generalized mass matrix, 
= I 
423	 0
(slug-ft2) 
r 
[ 0
. 3	
316.1] 
and the generalized stiffness matrix 
(Th11	 0 [02 
 
0 
	
= 106 I 2.390	 0	 (lb-ft) 
r	
] [ 0	 36.02 
These modal data are presented in Fig. 10, wherein 
ei
 = mi 
2. Final mathematical model. The two normal modes 
computed for the interim mathematical model apply to 
an Atlas vehicle constrained at GD/C station 1212. For 
the computation of "free-free" torsion modes of the entire 
space vehicle, consideration must be made that joint 41 
at station 1212 can oscillate through an angle a, as shown 
in Fig. 11. A diametral line B-B', passing through the 
centers of gravity of the two booster engines, will rotate 
through an angle aB. It is, thus, required to account for 
the rigid-body inertial properties of the booster engines, 
as well as the inertial coupling between joint 41 rigid-
body rotation and the two elastic modes. Thus, the com-
plete mass matrix is 
[i]= ---+---I [O]z7 
	
Q12er	 0/fleeJ 
If a = a,, q,, (t), and the normalization is chosen such 
that a,, = 1 rad, then 
Q'/rr = ma  + 1,,, 
= 
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-z 
VU
-Y
41 
SECOND MODE	
,jc 
53.73 
e2
 ()
8	 -x 
-4.594 ft 
22 = 316.1 slug-ft2 
'22 36.02 X 106 lb-ft
-z
- LMSC STATION 1235 
POINT 
FIRST MODE 
11.96 Hz 
e1 (i-) 
0.3049 ft
423.3 slug-ft2 
X 1 I = 2.390 X 106 lb-ft
P	 +Z 
Fig. 11. Gross motion of Atlas booster engine in 
Fig. 10. Normal modes of Atlas booster engine	
'free-free" torsion mode of space vehicle 
The (Thee is the diagonal mass matrix (']'? of the interim 	 malized by a scaling factor tti such that 
model. For the inertial coupling between the j1h elastic 
mode and rigid-body rotation,	
(Q'?e)i = pi (0']'2re) 
(( flre)i = (( 'l'ler)i = - ma (r + e)	 =	 (0']'?ee)i 
where e i (8//3)	 and as obtained from the modal matrix [q].
With numerical substitutions, 
	
808.0 I	 —432.0	 322.5 
-----I- -------
	
[M] = —432.0 i	 423.3	 0 
	
322.5 1	 0	 316.1 
For synthesis of a simple spring-mass equivalent of 
each engine normal-mode, the elastic modes are renor-
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Ifljln* \. — ffl* \. 
\ l'i,/I -	 flg/ 
It follows that the normalization factor 
/ Q'?'lre 
p. i -
\ ,,t ) i 
Thus,
J.Li = — 1.0206 
= 1.0202
15 
LMSC STATION 1235 
LMSC STATION 1273 
AW 
and the renormalied mass matrix is 
	
808.0 I 440.9	 329.0 
-- --F - - --- - - -
	
[M6J = 440.9 1 440.9	 0 
329.0	 0	 329.0
For both booster engines, with units converted from 
slug-ft 2 to lbin.2, 
[W6] = 9274 [M*] 
7.493 I 4.089	 3.051 
=10c, 4.089 1 4.089 — - 0 - (lb-in .2) 
	
3.051 1	 0	 3.051 
The associated stiffness matrix is 
[K*] 
= 
[ W] [ W] 
0'	 0	 0 
— + - - 
= 10 9
 0 1 0.05976	 0	 (in.-lb/rad) 
o 1	 0	 0.8998 
In modifying the given lumped-parameter model of the 
Atlas, the incremental moment of inertia to be added to 
joint 41 to preserve the proper rigid-body representa-
tion is
= W — 
= 0.353 X 10 6 lbin.2 
Thus, the representation is as shown in Fig. 12. As a result 
of the modal renormalization, 
(6) = p.4
i=1 2 
(/3) = 
If is the eigenvector representing the shape of 
the r 1 normal mode of the "free-free" composite vehicle, 
then the net tangential displacement of the CG of the 
particular booster engine (shown in Figs. 10 and 11) is 
= _a( r) + (e1 + r) p. 0 (j,(r) - 41 46	 41 
+ (e2 + r) 1.1 2 f3 (
	 —
	
K4146	 0.5976 X 10 8
 in.-Ib/rad 
	
K4147	 8.998 X 10 8
 in.-lb/rad 
	
W46	 4.089 X 106 lb-in.2 
	
W47	 3.051 X 106
 lb-in.2 
tW = 0.353 X 106 lb-in.2 
Fig. 12. Mathematical model of Atlas booster engines

relative to joint 41 
For the plotting of mode shapes, booster engine modal 
participation is represented by the angle 
= —
XT 
'rB	 a 
= ,(r) + 0.5725 (4".> — 0 (r)) + 0.4273 ( 4, (r) — 41	 46	 41	 47	 41 / 
C. Composite Model 
Eigenvalues and eigenvectors for two different repre-
sentations of the Atlas/A gena/Ranger vehicle were ob-
tained. The normal modes for the composite model used 
by M. R. Trubert (Ref. 1) were obtained using the JPL 
initial model of the Atlas/Agerza/Ranger system. The JPL 
final model was upgraded in two areas: (1) the Atlas 
booster engine representation, and (2) the LMSC adapter 
representation. 
The final mathematical model of the Atlas/Agena/ 
Ranger vehicle is shown in Fig. 13. The numerical values 
corresponding to this model are listed in Appendix A. 
1. Initial model. The initial model consisted of three 
separate systems: 
(1) The Atlas/Agena/Ranger torsion model less Atlas 
booster engines. 
(2) The +1' Atlas booster engine. 
(3) The —Y Atlas booster engine. 
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Fig. 13. Atlas /A gena/Ranger mathematical model
Z
3	 I 45	 RANGER 
Ui	 I	 I 
U,	 I 
Z	 4	 I 44	 RANGER SEPARATION 
PLANE 
543	 AGENA/RANGER ADAPTER 
RECONSTITUTED 
FLIGHT-ACCELEROMETER STATION 
The Atlas/A gena/Ranger model less the Atlas booster 
engines is obtained by deleting joints 46 and 47 and their 
associated springs from the model given in Fig. 13. Since 
the Atlas booster engines were represented as separate 
systems in this model, the inertia at joint 41 is reduced 
by 0.353 X 106 lb-in .2 to 0.75662 X 10 7 lb.in . 2
 The adapter 
stiffness deviated from the upgraded final model as fol-
lows: K54 , = 0.8216 X 10° in.-lb/rad, and K4344 = 0.1865 
X 109 in.-lb/rad. 
The interim mathematical model for the Atlas booster 
engine, as described in Section II-B, was used for each 
of the two engines in the initial composite model. 
The eigenvectors and eigenvalues of the unrestrained 
composite system were obtained by using the JPL Modal 
Combination Program. This program is based on the com-
ponent mode synthesis method developed by W. C. Hurty 
(Ref. 6) and implemented by R. M. Bamford (Ref. 7). It 
requires the eigenvectors and eigenvalues of the various 
systems as input. 
Twenty eigenvectors and the associated eigenvalues for 
the composite system, less the booster engines, were ob-
tained using the JPL Stiffness Matrix Structural Analysis 
Program (Ref. 8). The system was temporarily restrained 
at joint 31. 
For the Atlas booster engines, the normal mode repre-
sentation of the interim mathematical model, as described 
in Section II-B, was used. 
Within the Modal Combination Program, displacement 
compatibility of both Atlas booster engines and joint 41 
of the Atlas/Agena/Ranger model, less engines, was estab-
lished. Using appropriate geometric transformations, over-
all system generalized mass and spring matrices, including 
rigid-body modes, are computed. These are of the form: 
Mrr I Mr 
[M]=-- -t---- 
Me, I Mee 
= 
	
[K] 
[0	 0 I	 1 
	
0	 Keel 
Here Mee is no longer a diagonal matrix. To obtain the 
"free-free" eigenvalues of the composite vehicle, the fol-
lowing eigenvalue problem must be solved: 
[Mec - Mer M;'r Mre] (/) + [Kee ] { q} = (0) 
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To solve this problem within the existing program, the 
M. matrix must be nonsingular. To insure this, rigid body 
inertial properties for the additional five degrees of free-
dom were included at the temporarily fixed joint 31. 
The frequencies and modal displacements at joints 41 
and 43 for the first "free-free" composite system modes, as 
used by M. R. Trubert, are given in Table 3. 
Table 3. Modal displacements of the JPL initial model

for Atlas/Agena/Ranger 
. H Z Joint 43 adapter 
accelerometers,
Joint 41 gimbal blocks, 
12.02 -0.17260 X 106 -0.13690 X 10' 
12.58 0.12638 X 10' 0.98453 X 10' 
34.48 0.14064 X 10' -0.12334 X 102 
53.90 -0.41446 X 10' 0.75397 X 108 
55.29 0.34258 X 10' -0.60356 X 10' 
67.62 0.57771 X 10' 0.13865 X 102 
79.82 0.15257 X 10' -0.82467 X 10-
80.46 -0.46660 X 10' -0.13787 X 10' 
110.62 -0.41532 X 10' 0.13208 X 10' 
147.18 0.16342 X 10' -0.85519 X 10'
The values given in Table 3 are normalized such that the 
generalized mass is unity. 
The "free-free" eigenvectors contain in-phase modes 
because of the Atlas booster engine representation. These 
"symmetric" modes, occurring at 12.02 and 53.90 Hz, are 
inertially balanced by a rigid-body displacement of the 
whole space vehicle and are of no interest for the problem 
at hand. The modal displacements for the points of interest 
in these two modes are several orders of magnitude less 
than in the true torsion modes. 
2. Final model. The final Atlas/Agena/Ranger torsion 
model (Fig. 13) has been obtained similarly to the initial 
model, except that the Atlas booster engines were trans-
formed to equivalent lumped spring mass systems, as 
described in Section Il-B. The numerical values corre-
sponding to Fig. 13 are listed in Appendix A. 
The frequencies and the modal displacements at joints 
41 and 43 for the first eight "free-free" composite system 
normal modes are given in Table 4.
Table 4. Modal displacements of the JPL final model

for Atlas/Agena/Ranger 
Hz Joint 43 adapter 
accelerometers,
Joint 41 gimbal blocks, 
12.58 -0.12516 X 10'
-0.97591 X 10' 
34.58 0.14149 X 10'
-0.12236 X 10' 
55.29 0.35157 X 10-'
-0.59902 X 10' 
67.56 0.64876 X 10' 0.13797 X 10' 
79.78 0.93196 X 10' -0.90644 X 10-' 
80.42 -0.38160 X 102 -0.13051 X 10' 
104.37
-0.41045 X 10' 0.11597 X 10' 
144.82 -0.17270 X 10' 0.10388 X 10'
The values given in Table 4 are normalized to give a unit 
generalized mass. Because of the different engine repre-
sentation in this model as compared to the initial model, 
the symmetric modes are not present. Plots of the first 
eight eigenvectors are shown in Appendix B. 
The Ranger participation has been calculated as de-
scribed in Section Il-A. The effective angle-of-twist for 
the booster engines has been derived in Section lI-B. 
Ill. Atlas/Centaur/Surveyor Vehicle 
The basic mathematical model of the Atlas/Centaur/ 
Surveyor vehicle was provided by GD/C under JPL Con-
tract No. 950994. The JPL program has modified this 
model in three respects: 
(1) The representation of the Surveyor spacecraft and 
the adapter structure supporting the spacecraft has 
been replaced with one derived from modal vibra-
tion surveys conducted by the Hughes Aircraft 
Company (HAG). 
(2) The representation of the Atlas stage aft of GD/C 
station 1133 (LMSG station 1156) has been modified 
in accordance with the Atlas model of Section II. 
(3) The Centaur main engine representation has trans-
formed the GD/C inertial and elastic data into a 
coordinate system more adaptable to the chosen 
method of eigen-mode analysis. 
The nature of the JPL reconfiguration of the GD/C 
mathematical model and the subsequent analyses lead-
ing to descriptions of the "free-free" torsional vibration 
modes of the composite vehicle are presented in the fol-
lowing discussion. 
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A;:P';; F]ELD 
JOINT 
II	 CENTAUR UPPER 
BULKHEAD 
Fig. 14. Surveyor spacecraft and structural adapter on
mockup of Centaur upper bulkhead 
A. Surveyor Spacecraft and GD/C Adapter Structure 
The mathematical mockl of the Surveyor spacecraft has 
been derived from data obtained in the course of a modal 
vibration survey of Structural Test Model S-2. This sur-
vey, described in Ref. 9, was conducted by the HAC. 
The test vehicle consisted of the S-2 mounted on the 
GD/C adapter section, which was cantilevered at its 
base, GD C station 172.45. This adapter serves as a struc-
tural transition between the Centaur bulkhead and the 
Surveyor spacecraft, as shown in Fig. 14.
The purpose of this section is to describe the manner 
in which the HAC modal data were used to derive a 
lumped-parameter mathematical model compatible with 
the GD C models of the Atlas and Centaur stages. 
1. Hughes modal survey data. Reference 9 describes the 
spacecraft mass distribution and the mode shapes for 
nine elastic modes identified in a frequency range below 
60 Hz. In summary, the modal data are described by a 
generalized mass matrix
r M,., I M,.. 
L 
and the modal frequencies. 
Here, this SI,., matrix, 6 by 6, describes the rigid-body 
properties of the test vehicle. The modal data are nor-
malized such that the Afee matrix is a 9 by 9 unit matrix; 
the M, matrix, 6 by 9, indicates the rigid-elastic coupling. 
In the modal data, the GD/C adapter has been repre-
sented by three mass points. These three masses, at 0.35 
slugs each, have been lumped at the three attachment 
points between the spacecraft and the adapter. Such a 
presentation of the GD/C adapter results in a contribu-
tion of the adapter to the overall test vehicle roll moment 
of inertia of 3.63 slugft2. 
Since the adapter structure is essentially rigid in any 
of the elastic modes surveyed, this representation is ade-
quate for purposes of the computation of a generalized 
mass. The inconsistency (i.e., incompleteness of the matrix 
Al,,). is, however, evident. 
2. GD/C adapter representation. The adapter , Centaur 
interface area was modeled by GD, C, as shown in 
Fig. 15. The lumped mass at joint 16, 1 = 15.9 slug-ft2, 
is due to the adapter mass. The mass at joint 26, 
= 246.6 slug-ft", consists of 241.2 slugft2 Centaur 
bulkhead contribution and 5.4 slugft2 adapter mass. 
3. Lumped-parameter representation of spacecraftl 
adapter torsion modes. The lumped-parameter represen-
tation of the spacecraft/ adapter, in reflecting the best-
available consistent data, had to meet one additional 
requirement: a mass point had to be introduced at the 
field joint. This requirement stemmed from the testing 
method employed by M. R. Trubert (Ref. 1); only the 
upper part of the adapter was to be used in the shake-
table test. The adapter field joint was bolted to the 
shake fixture. 
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GD/c	
- _____________	
- Gd = 1.1 x 10)0 lb-in.2
	 SURVEYOR/ADAPTER 
STATION 128.32	 INTERFACE 
.1	 14.1 slug-ft2 
T
26
L 	
15.9 slug-022
J6 246. slug-ft2 
GD/C	
--Gd 1.5 x 1010 lb-in.2
	 FIELD 
STATION 156.45	 JOINT 
I 7.2 slug-ft2 
GD/C	
--Gd 1.5 x 10 10 lb-in.2
	 ADAPTER /CENTAUR 
STATION 172.45	 INTERFACE
Fig. 15. GD/C model of adapter/Centaur interface 
By examining the HAG and GD/C model, it is seen 
that inconsistencies exist. The HAG modal survey data 
lacks the proper adapter mass representation, as well as 
the modal deflections at the field joint. It does, however, 
account for the elasticity in the adapter. Since the normal 
modes surveyed are truly three-dimensional modes, an 
approach as used for the Ranger spacecraft (in Section 
TI-A) to extract the elasticity of the adapter from the 
modal data was not practical. 
Any mathematical representation derived from the 
HAG and GD/C representations would have to be based 
on certain assumptions. The following model was used 
as a best approximation of the structural system: 
(1) The adapter mass, less the mass accounted for by 
the HAG modal data at the Surveyor/adapter inter-
face, was lumped at the field joint (joint 16). 
(2) The spring constant for the section between joints 
16 and 26 was derived directly from the GD/G 
model. 
Mathematically the Surveyor/adapter system was at-
tached at the field joint, rather than at the base of the 
adapter. This treatment of the adapter is justified as 
follows: 
(1) The lower adapter portion is relatively stiff, hence, 
the mode shapes for the Surveyor/adapter combi-
nation cantilevered at the field joint would differ 
little, if any, from those obtained by HAG. This
similarity of mode shapes is substantiated by the 
fact that, during the survey, HAG found essentially 
no elastic participation of the adapter. 
(2) The adapter mass distribution is nearly the same 
as that supplied by GD/G with the exception of 
the mass accounted for by HAG at the Surveyor/ 
adapter interface. This incremental mass has been 
deleted from joint 16. 
The mathematical model for the Surveyor spacecraft and 
GD/G adapter structure as used in the composite model 
is diagramed in Fig. 16 with numerical values given in 
Table 5. 
Table 5. Numerical values for Surveyor/adapter

mathematical model 
Joint I, lb-in.2
Connecting
. . 
bunts
K, lb-in./rad 
26 0.11424 X 10' 26-16 0.9380 X 10' 
16 0.89240 X 10' 16-17 0.8518 X 10' 
17 0.11689 X 10' 16-18 0.1800 X 10' 
18 0.62322 X 10 16-19 0.1990 X 10 
19 0.35008 X 10' 16-20 0.1060 X 10' 
20 0.80699 X 10' 16-21 0.5470 X 10' 
21 0.35611 X 10' 16-22 0.1930 X 10' 
22 0.81760 X 102 16-23 0.1473 X 100 
23 0.53802 X 10' 16-24 0.4371 X 10 
24 0.12998 X 10 16-25 0.1641	 X icx' 
25 0.44670 X 102
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SURVEYOR SPACECRAFT 
Fig. 16. Surveyor/adapter mathematical model 
The method used in reducing the HAG modal data to 
the lumped-parameter representation, shown in Fig. 14, 
is identical with that used for the Ranger spacecraft 
described in Section lI-A. Only those terms of the Mre 
matrix contributing to torsion have been considered. An 
approach for the general problem of formulating equiva-
lent spring-mass systems from modal data is described 
in Ref. 5. 
Joint 16 represents, in addition to part of the adapter, 
the Surveyor spacecraft rigid-body mass term augmenta-
tion of 836,233 lb-in .2 
B. Centaur Engine Representation 
From data provided by GD/C, each Centaur main 
engine may be represented as shown in Fig. 17. The 
approach in synthesizing an equivalent lumped-parameter 
model is similar to the treatment given the Atlas booster 
engines. Here, however, the idealization is simplified by 
virtue of deletion of the a degree of freedom (Fig. 9). 
At the recommendation of GD/C, the gimbal angle 
spring constant Kop was determined to give an engine 
rocking mode frequency of 12 Hz; i.e., since 
ly = mr2 + 'Oy 
= 64.78 slugft2 
and
wo = 27f = 75.40 rad/s 
then
K13 = 4 I	 3.68 X 105 ft-lb/rad 
The generalized coordinates are chosen as 
a = a 0 q 0 (t) 
p = 
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-z 
JOINT /GIMBAL BLOCK 63 
-x	 +X—GD/C STATION 460 
3/3 \	 r	 DETERMINED SO 
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FREQUENCY OF 
12 Hz FOR 
GIMBAL MODE -
ba—  
ENGINE  CG 
M	 11.0 slug 
= 2.04 ft 
+z
19.0 slug-ft2 
11.0 slug-ft2 
Fig. 17. Mathematical model of Centaur engine 
and the initial normalization sets a0 =	 = 1 rad. The 
associated mass matrix is
M rr I Mre 
[M]=I----4---- 
LMer I Mee 
wherein
Mrr = mb 2 + J0  
Mee = 
Mee = Mer =— mbr 
Thus,
r 58.59 I —46.68 [MI =1-----I- - - - - - 
[ —46.68 i	 64.78
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The gimbal-angle mode is now renormalized such that 
Mre 
= 
= —0.7206 
Now,
M 6 = p.Mre 
M e = i2 Mee 
and, per engine,
133.6
458.59 I 33.64]
) (slug-ft = ___+____
4 1 33.64 
For both engines, 
[W*] = 9274 [M6} 
1-0 
0.5433 I 0.3119-1
106 	
---+ - --- I(lb-in.2) 
.3119 I 0.3119] 
The associated stiffness matrix is 
[K 6 ] 
=[W] 
o	 I	 0	 1 
= 10 6 Ic+ -- - -I(in.-lb/rad) 
 
I 4.594] 
The lumped-parameter model may now be represented 
as shown in the adjacent sketch, wherein 
tw	 63 — STATION 460 
64 
— STATION 484.5
W64 = 0.3119 X 10 6 lbin.2 
AW = W4 - W:e 
= 0.2314 X 106 lbin.2 
K6 .361 = 4.594 x 106 in.-lb/rad 
In the complete model of Fig. 18 and Table C-2, the 
moment of inertia of joint 63 includes the AW. 
The tangential deflection of the Centaur engine CG 
(Fig. 17) is, in the TthI normal mode, 
= _b( r) + rj0(c	 - 63	 64	 63 / 
For the plotting of mode shapes, Centaur-engine modal 
participation is represented by the angle 
= -
b 
= 0 (r) + 0.7067((') - 
63	 64	 63' 
C. Composite Model 
Two different representations of the Atlas/Centaur/ 
Surveyor vehicle were used to obtain the composite sys-
tem eigenvalues. Eigenvalues and eigenvectors of the 
initial model as used by M. R. Trubert were obtained in 
mid-September 1965. Early in November 1965, after the 
Surveyor qualification tests had been completed, discus- 
sion with GD/C revealed that JPL had misinterpreted 
the Centaur-engine representation, accounting for the 
Centaur engines twice in the initial model. Thus, the final 
model differs from the initial model in two areas: (1) the 
method of representing the Atlas booster engines, and 
(2) the method of representing the Centaur engines cor-
recting for the error in the initial data. 
1. Initial model. The initial model consisted of six sep-
arate systems: 
(1) The forward half of the Atlas/Centaur/Surveyor 
torsion model restrained at joint 13. 
(2) The aft half of the Atlas/Centaur/Surveyor tor-
sion model (less the Atlas booster engines and the 
Centaur engines) restrained at joint 13. 
(3) The +Y Atlas booster engine. 
(4) The -Y Atlas booster engine. 
(5) The +Y Centaur engine. 
(6) The —Y Centaur engine. 
= 
and 
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The Atlas/Centaur/Surveyor model (Fig. 18) has been 
represented by a series of lumped masses and springs. 
For the initial model, the Atlas/Centaur/Surveyor system 
less Atlas booster engines and Centaur engines was used 
as shown in Appendix C, except as follows: 
(1) Joints 64, 65, and 66 and their associated springs 
were omitted and the inertias at joints 52 and 63 
were reduced to 0.75662 X 107 lbin . 2
 and 0.524 X 106 
lb-in., respectively. The lower inertias are due to 
the different method of treating the engines. 
(2) Erroneously, joint 67 (not shown in Fig. 18) of the 
final model was retained. This joint was connected 
by a single spring to joint 63. The inertia used at 
this joint was 6.601 X 10 lb-in.", the spring constant 
= 1.4 X 107 lb-in./rad. 
(3) The interim mathematical model of the Atlas 
booster engine described in Section 11-B and the 
Centaur engine representation described in Sec-
tion Ill-B were used for the initial composite model. 
Twenty eigenvalues and eigenvectors for each of the 
two systems (the forward model and the aft model) were 
obtained using the JPL Stiffness Matrix Structural Analy-
sis Program (Ref. 8). Both of these systems were restrained 
at joint 13. 
The eigenvectors and eigenvalues of the unrestrained 
composite system were obtained in the JPL Modal Com-
bination Program (Ref. 7), using essentially the same 
method as described in Section lI-C. Within this pro-
gram, first, displacement compatibility between the for-
ward and aft parts of the model is established at joint 13. 
Second, the two Atlas booster engines are attached at 
joint 52. Third, the Centaur engines are attached at 
joint 63. Finally, the composite system "free-free" eigen-
values are calculated. 
The eigenvalues and the modal displacements at joints 
16 and 52 for the first 27 "free-free" composite system 
modes are given in Table 6. The values given in Table 6 
are normalized to give a unit generalized mass. 
Because of the engine representations in this model, 
"free-free" eigenvectors are obtained wherein the Atlas 
booster engines and the Centaur engines have in-phase 
displacements. These "symmetric" modes, occurring at 
12.01, 12.54, and 55.54 Hz, are inertially balanced by a 
rigid-body displacement of the whole space vehicle and 
are not of interest for the problem at hand. The modal 
displacement for the points of interest in these three 
G SURVEYOR 
17 18 19 20 
()	 (1-_- FIELD JOINT IN ADAPTER 
() 	 BOTTOM OF ADAPTER 
zo ® 
0 
0 
0 0
* IDENTIFIED AS 
JOINT 26 IN REF I S 
S 
S	 S 0	 0 
0	 0 S 
Fig. 18. Atlas/Centaur/Surveyor 
torsion model
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Table 7. Modal displacements of the JPL final model

for Atlas/Centaur/Surveyor 
Table 6. Modal displacements of the JPL initial model 
for Atlas/Centaur/Surveyor 
f,, Hz joint 16 field joint, joint 52 gimbal block, 02 
8.45 0.32393 X 10' -0.43615 X 10' 
11.74 0.10840 X 10 -0.23721 X 10' 
12.01 0.33197 X 10' 0.15829 X 10' 
12.17 0.95338 X 10' 0.21914 X 10' 
12.54 0.30693 X 10' -0.56252 X 10' 
14.22 0.38167 X 10' -0.75921 X 10' 
16.80 0.81889 X 10' -0.44056 X 10' 
16.48 0.35791 X 10' -0.19327 X 10' 
23.58 0.15257 X 10' 0.34364 X 10' 
35.81 0.47065 X 10' 0.46710 X 10 
38.78 0.14301 X 10' 0.13196 X 10' 
45.43 0.49796 X 10' 0.80271 X 10' 
48.07 -0.20366 X 10' -0.16443 X 10' 
51.77 0.19141 X 10' -0.17316 X 10' 
54.35 -0.16377 X 10' -0.22556 X 10' 
55.54 -0.17567 X 10' -0.17029 X 10' 
57.36 0.18347 X 10' -0.10780 X 10' 
57.98 0.15627 X 10' -0.55802 X 10' 
67.50 0.51868 X 10' -0.21188 X 10' 
70.19 0.13474 X 10' -0.20455 X 10' 
79.97 0.93115 X 10' -0.12717 x 10' 
96.60 -0.82726 X 10 -0.59479 X 10' 
110.0 0.50664 X 10' -0.79742 X 10' 
130.0 -0.15283 )< 10' 0.73311 )< 10' 
132.6 -0.21674 X 10' -0.76145 X 10' 
145.0 -0.85950 X 10' -0.26403 X 10' 
158.1 -0.34112 X 10' 0.94587 X 10'
modes are several orders of magnitude less than in the 
true torsion modes. 
In comparing the table of modal deflections given by 
M. R. Trubert in Ref. 1 with Table 6, only an incompati-
bility in nomenclature will be found. Because the model 
was divided into the forward and aft part to obtain the 
restrained eigenvectors, an interim nomenclature had to 
be adapted within the JPL Stiffness Matrix Structural 
Analysis Program. The gimbal block reported as joint 26 
in Ref. 1 is indeed identical with joint 52 as shown in 
Table 7 and in the model of Fig. 18. 
2. Final model. The final Atlas/Centaur/Surveyor dy-
namic torsion model (Fig. 18) has been represented by a 
series of lumped masses and massless springs. The dy-
namic models of the Surveyor vehicle, Atlas booster 
engines, and Centaur engines have been transformed to 
equivalent spring-mass systems. The springs, inertias, and 
stations of the model are given in Appendix C. The "free-
free" eigenvalues were calculated in two steps. First, 
twenty eigenvectors and eigenvalues of both the forward 
and the aft system were computed using the JPL Stiffness 
Matrix Structural Analysis Program. The "free-free" eigen-
t, Hz joint 16 field joint, r/'
 16 Joint 52 gimbal block, 
8.45 0.32582 X 10' -0.43529 X 10' 
11.76 0.10560 X 10'
-0.20600 x 10-
12.18 0.99224 X 10' 0.24445 X 10' 
16.60 -0.35292 X 10' 0.20739 X 10' 
16.82 -0.64912 X 10' 0.38267 X 10' 
13.58 0.24576 X 10' 0.32523 X 10' 
35.81 0.48706 X 10' 0.46370 X 10' 
38.78 0.14833 X 10' 0.13286 X 10' 
45.25 0.50680 X 10' 0.78694 X 10' 
48.07 -0.16795 )< 10' -0.15494 X 10' 
51.77 0.19247 X 10 -0.17485 X 10' 
54.23 0.16278 X 10' 0.19232 X 10' 
57.36 0.18407 X 10' -0.10544 X 10' 
57.98 0.15652 X 10' -0.55073 X 10' 
67.18 -0.67502 X 10-' 0.21032 X 10' 
70.19 0.13470 X 10' -0.18481 X 10 
79.93 0.75597 X 10' -0.12411 X 10' 
95.48 0.79372 X 10' 0.60694 X 10' 
109.75 0.52439 X 10' -0.77004 X 10' 
128.54 0.31011	 X 10' -0.29290 X 10' 
131.14 0.17761 X 10' 0.10104 X 10' 
144.57 -0.84192 X 10' -0.22175 X 10' 
157.90 0.32225 X 10' -0.94377 X 10'
values were obtained in the JPL Modal Combination Pro-
gram, establishing displacement compatibility between 
the forward and aft systems at joint 13. 
The eigenvalues and the modal displacements at joints 
16 and 52 for the first 23 modes are given in Table 7. The 
values given in Table 7 are consistent to give a unit mass 
for the final system generalized mass in every mode. Due 
to the different engine representation in this model as 
compared to the initial model, the symmetric modes are 
not present. 
Mode shape plots for these 23 normal modes are shown 
in Appendix D. The effective angle-of-twist for the Atlas 
booster engine has been calculated as described in 
Section II-B. The Centaur-engine angular deflection has 
been calculated as described in Section Ill-B. Because of 
the complicated, three-dimensional nature of the canti-
lever modes of the Surveyor spacecraft, only the modal 
participation factors of the spacecraft have been plotted, 
and these are shown at arbitrarily chosen stations. 
IV. Conclusions 
The Ranger vehicle modes above 100 Hz and the 
Surveyor vehicle modes above 60 Hz have accuracies 
impaired by the absence of spacecraft modal data in the 
higher frequency ranges. This situation was recognized 
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in the application of the "free-free" torsion modes to the 
analysis of Ref. 1, and in the subsequent formalization of 
the torsional test specification for the Surveyor spacecraft. 
The technique for converting a mathematical model 
expressed in cantilever normal-mode coordinates to an 
equivalent lumped-parameter model is judged to be effec-
tive and convenient. Its initial application in the subject 
analysis led to the more general treatment presented in 
Ref. 5. 
The results of the Ranger modal vibration surveys show 
the importance of knowing mode shapes when prescrib-
ing flight accelerometer locations and when interpreting 
flight acceleration data. Moreover, there are inherent pit-
falls in limiting accelerometer placement to a single plane 
near or coincident with a contractual interface, because 
there are certain to be some modes having nodal points 
nearby. As can be inferred from Fig. 6, the torsional 
moment is at a maximum at a nodal point and, unlike the 
acceleration, is not changing rapidly for small distances 
forward or aft of the nodal point. This situation suggests 
that, in planning flight test instrumentation, greater con-
sideration should be given to the judicious use of strain 
gage bridges in place of accelerometers. 
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Table A-i. Joint coordinates for Atlas/A gena/ Ran gera 
JOINT NO.	 LMSC STATION. INCHES 
1 0.6580! 02 
2 091358! 03 
3 0.1760! 03 
4 0.2240! 03 
5 0.2480! 03 
6 0.2650! 03 
7 0.2950E 03 
8 •00250E 03 
9 00600E 03 
10 0.3830E 03 
11 0.4040! 03 
12 0.4450! 03 
13 0.4960! 03 
14 003950! 03 
15 0.4220E 03 
16 0.4570E 03 
17 0.5430! 03 
18 0.5830! 03 
19 0.6230! 03 
20 0.6630! 03 
21 0.7030! 03 
22 0.7430! 03 
23 0.7830! 03 
24 0.8230! 03 
25 0.8630E 03 
26 0.9030E 03 
27 0.9430E 03 
28 0.9930! 03 
29 0.1043! 04 
30 0.1083! 04 
31 0.1123! 04 
32 0.1156E 04 
33 0.1163! 04 
34 0.1183E 04 
35 0.1203! 04 
36 0.1223! 04 
37 0.1243E 04 
38 0.1263E 04 
39 0.1178E 04 
40 0.1213E 04 
41 0.1235E 04 
42 0.1273! 04 
43 0.2150! 03 
44 0.2150! 03 
45 0.2150! 03 
46 0.1273! 04 
47 0.1273E 04
"Described by Fig. 13.
Table A-2. Joint inertias for Atlas /A gena/Ranger 
JOINT NO,	 INERTIA. POUND INCHES SQUARED 
1 0.11955E 06 
2 0.10665E 06 
3 0912635! 06 
4 0.14026! 06 
5 0.23610! 05 
6 0.22870! 06 
7 0.74580! 05 
8 0.61050! 05 
9 0.81800! 05 
10 0.17740E 05 
11 0.75190E 05 
12 0.11920E 06 
13 0.14308E 06 
14 0.38640! 05 
15 0.77280E 05 
16 0.27820E 05 
17 0.23800E 06 
18 0.20400! 06 
19 0.20200! 06 
20 0.26100E 06 
21 0.27600E 06 
22 0.24500! 06 
23 0.26100! 06 
24 0.27600! 06 
25 0.29100! 06 
26 0.38400! 06 
27 0.57100! 06 
28 0.13920E 07 
29 0.76500E 06 
30 0.18680! 07 
31 0.14680! 07 
32 0.57880! 06 
33 0.56210! 06 
34 0.45210E 06 
35 0.55450E 06 
36 0.23390! 06 
37 0.26870! 06 
38 0.44800! 06 
39 0.28337E 07 
40 0945125! 07 
41 0.79190! 07 
42 0.52203! 07 
43 O.I0000E 03 
44 0.88354E 05 
45 0.97810E 05 
46 0.40890! 07 
47 0.30510! 07
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Table A-3. Spring constants for Atlas/Agena/Ranger 
JOINT A	 JOINT B	 K, IN-LB/RADIAN 
1 2 097800E 09 
2 3 0.1360E 10 
3 4 0.1690E 10 
4 5 0.4540E 10 
5 6 0.5650E 10 
6 7 002590E 10 
7 8 0.2680E 10 
8 9 0.2600E 10 
9 10 0.4800E 10 
10 11 095790E 10 
11 12 00110E 10 
12 13 0.2610E 10 
10 14 0.2220E 10 
14 15 0.1480E 10 
15 16 0.1140E 10 
13 17 0.1700E 10 
17 18 0.4360E 10 
18 19 0.3530E 10 
19 20 0.5500E 10 
20 21 0.6250E 10 
21 22 005740E 10 
22 23 0.5920E 10 
23 24 0.6420E 10 
24 25 0.7050E 10 
25 26 0.7230E 10 
26 27 0.7740E 10 
27 28 0.6950E 10 
28 29 0.7030E 10 
29 30 0.1010E 11 
30 31 0.1043E 11 
31 32 0.1391E 11 
32 33 0.6000E 11 
33 34 0.1400E 11 
34 35 0.7000E 10 
35 36 0.1400E 10 
36 37 0.1400E 10 
37 38 0.1400E 10 
32 39 0.3132E 11 
39 40 0.2400E 11 
40 41 0.4140E 11 
41 42 0.2250E 11 
5 43 0.6690E 09 
43 44 091970E 09 
44 45 0.9520E 08 
41 46 0.5980E 08 
41 47 0.9001E 09
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Appendix B
Torsion Mode Shape Plots for Atlas /Agena/Ranger Space Vehicle 
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Numerical Values for Atlas/Centaur/Surveyor Mathematical Model
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Table C-i. Joint coordinates for Atlas/Centaur/Surveyor'	 Table C-2. Joint inertias for Atlas/Centaur/Surveyor 
JOINT NO.	 GD/C STATION, INCHES	 JOINT NO.	 INERTIA, POUND INCHES SQUARED 
1
-0.3500E 02 1 0.97282E 04 
2 0.0000E 00 2 004744E 05 
3 0.3500E 02 3 0.95429E 05 
4 0.7000E 02 4 0.38867E 06 
5 0.1050E 03 5 0.46973E 06 
6 0.1400E 03 6 0.10664E 07 
7 0.1750E 03 7 0.15213E 07 
8 0.2100E 03 8 0.10919E 07 
9 0.2220E 03 9 0.86905E 06 
10 O.2450E 03 10 O.79215E 06 
11 0.2800E 03 11 0.11354E 07 
12 0.3150E 03 12 0.17756E 07 
13 0.3500E 03 13 0.88712E 06 
14 0.2100E 03 14 0.43590E 06 
15 0.1900E 03 15 0.75420E 06 
16 0.1560E 03 16 0.89240E 06 
17 0.1000E 03 17 0.11689E 03 
18 0.1000E 03 18 0.62322E 03 
19 0.1000E 03 19 0.35008E 04 
20 0.1000E 03 20 0.80699E 04 
21 0.1000E 03 21 0.35611E 03 
22 0.1000E 03 22 0.81760E 02 
23 0.1000E 03 23 0.53802E 03 
24 0.1000E 03 24 0.12998E 03 
25 0.1000E 03 25 0.44670E 02 
26 0.1700E 03 26 0.11424E 07 
27 0.3850E 03 27 0.14569E 07 
28 0.4120E 03 28 0.30338E 07 
29 0.4550E 03 29 0.47205E 06 
30 0.4900E 03 30 0.23464E 07 
31 0.5250E 03 31 0.43360E 06 
32 0.5600E 03 32 0.52160E 06 
33 0.5950E 03 33 0.23440E 06 
34 0.6300E 03 34 0.45030E 06 
35 0.6650E 03 35 0.11490E 06 
36 0.7000E 03 36 O.26170E 06 
37 O.7350E 03 37 0.39140E 06 
38 0.7700E 03 38 0.30760E 06 
39 0.8050E 03 39 0954570E 06 
40 0.8400E 03 40 0.32200E 06 
41 0.8750E 03 41 0.63600E 06 
42 0.9100E 03 42 0.65040E 06 
43 0.9450E 03 43 0.17358E 07 
44 099800E 03 44 0.17335E 07 
45 0.1015E 04 45 0.24534E 07 
46 O.IO50E 04 46 0.24052E 07 
47 0.1085E 04 47 0.19077E 07 
48 0.1120E 04 48 0.23618E 07 
49 0.1133E 04 49 0.57880E 06 
50 0.1155E 04 50 0928337E 07 
51 0.1190E 04 51 0.45125E 07 
52 0.1212E 04 52 0.79192E 07 
53 0.1250E 04 53 0.52203E 07 
54 0.1140E 04 54 0.56210E 06 
55 0.1160E 04 55 0.45710F 06 
56 0.1180E 04 56 0.55450E 06 57 0.1200E 04 57 0.23390E 06 
58 0.1220E 04 58 0.26870E 06 
59 0.1240E 04 59 0944800E 06 
60 0.5500E 03 60 0.35350E 06 
61 0.4200E 03 61 0.25430E 06 
62 0.4400E 03 62 0.75190E 06 
63 0.4600E 03 63 0.75540E 06 64 0.4845E 03 64 0.31190E 06 65 0.1242E 04 65 O.40890E 07 
66 O.1242E 04 66 0.30510E 07
Described by Fig. 18. 
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Table C-3. Spring constants for Atlas/Centaur/Surveyor 
JOINT A	 JOINT B	 K, IN-LB/RADIAN 
1 2 0.12000E 09 
2 3 0.28560E 09 
3 4 0.66360E 09 
4 5 0.13720E 10 
5 6 0.24000E 10 
6 7 004570E 10 
7 8 0.35280 10 
8 9 o.10270E 11 
9 10 0.10130E 11 
10 11 0.66600E 10 
11 12 0.66600E 10 
12 13 0.66600E 10 
9 14 0.11820E 11 
14 15 0.50040E 10 
15 26 0.30000E 10 
26 16 0.93800E 09 
16 17 0.85180E 03 
16 18 0.18000E 05 
16 19 0.19900E 06 
16 20 0.10600E 07 
16 21 0.54700E 05 
16 22 0.19300E 05 
16 23 0.14735E 06 
16 24 0.43712E 05 
16 25 0.16413E 05 
13 27 0.66600E 10 
27 28 0.86400E 10 
28 29 0.76800E 10 
29 30 0.94320E 10 
30 31 0.94320E 10 
31 32 0.94320E 10 
32 33 0971400E 10 
33 34 0.59760E 10 
34 35 0.59760E 10 
35 36 0.64080E 10 
36 37 0.73680E 10 
37 38 0.78600E 10 
38 39 0.80600E 10 
39 40 0.80600E 10 
40 41 0.85200E 10 
41 42 0.89500E 10 
42 43 0.10030E 11 
43 44 0.10610E 11 
44 45 0.11090E 11 
45 46 0.11420E 11 
46 47 0.11890E 11 
47 48 0.12370E 11 
48 49 0.30240E 11 
49 50 0.31320E 11 
50 51 0.24000E 11 
51 52 0.41400E 11 
52 53 0.22500E 11 
49 54 0.60000E 11 
54 55 0.14020E 11 
55 56 0.70100E 10 
56 57 0.14040E 10 
57 58 0.14040E 10 
58 59 0.14040E 10 
28 61 0.31680E 11 
61 62 0.84960E 10 
62 63 0.12960E 10 
32 60 0.18000E 11 
63 64 0.45940E 07 
52 65 0.59760 08 
52 66 0.89980E 09
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Fig. D-1. Atlas/Centaur/Surveyor torsion mode shapes 
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Fig. D-1 (contd) 
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